Quantum properties of topological Yang-Mills theory in (anti-)self-dual Landau gauge were recently investigated by the authors. We extend the analysis of renormalizability for two generalized classes of gauges; each of them depending on one gauge parameter. The (anti-)self-dual Landau gauge is recovered at the vanishing of each gauge parameter. The theory shows itself to be renormalizable in these classes of gauges. Moreover, we discuss the ambiguity on the choice of the renormalization factors (which is not present in usual Yang-Mills theories) and argue a possible origin of such ambiguity. * octavio@if.uff.br † a.pereira@thphys.uni-heidelberg.de ‡
Introduction
Topological quantum field theories are field theories that can be used to compute topological invariants. In four dimensions, the most celebrated example is perhaps the Donaldson-Witten (DW) theory [1, 2, 3, 4] . In [5] , Baulieu and Singer argued that DW theory can be casted in a BRST invariant apparel by defining a generalized set of BRST transformations which involve the Faddeev-Popov ghost field. In the Baulieu-Singer (BS) approach the DW action is obtained (along with extra Faddeev-Popov couplings and the gauge fixing for the gauge field) from the gauge fixing of the gauge-degrees-of-freedoms of a topologically invariant action. In this view, the gauge fixing choices open up the possibility of obtaining many different actions.
A particular appealing gauge choice in the BS approach is the (anti-)-self-dual Landau gauge ((A)SDLG), first introduced in [6] . This choice encodes a rich set of Ward identities which allow to prove the renormalizability of the theory to all orders in perturbation theory 1 [6, 8] . Moreover, the (A)SDLG has two crucial properties [8, 9] : all Green functions are tree-level exact and; the gauge propagator vanishes identically.
In this work we generalize the (A)SDLG by introducing two gauge parameters. The modification relies in altering the Landau gauge condition on the gauge field to the linear covariant gauges and the (anti-)self-duality condition of the field strength to a non-(anti-)self-dual one, see (2.5) below. The gauge condition for the topological ghost remains the Landau transverse condition. It turns out that this gauge is not generally renormalizable. Nevertheless, we show that if we consider the linear covariant gauges and the non-(anti-)self-dual gauge separately, these gauges are indeed renormalizable to all orders in perturbation theory. It is important to be noted that, in both classes of gauges, the (A)SDLG is recovered by setting the gauge parameters to zero. The demonstration employs the algebraic renormalization technique [7] . It is worth mentioning that the vector supersymmetry [6, 8] is not present in these new classes of gauges.
Beyond the renormalizability proof, we discuss the fact that the renormalization factors (the Z factors) display a kind of freedom in their solution. It seems to be that, in these classes of gauges, there is a universal property allowing two free Z factors. The origin of this freedom is also discussed and linked to the triviality of the BRST cohomology of topological Yang-Mills theories. Moreover, we use the gauge propagator as an example to show how some of the Z factors are irrelevant in the renormalization of such objects.
The paper is organized as follows. In Section 2 we discuss the generalization of the (A)SDLG. Section 3 is devoted to the renormalizability properties of these gauges. In Section 4 we study the freedom on the choice of some Z factors. Finally, Section 5 contains our concluding remarks and perspectives. The quantization of a topological gauge theory can be done by the BRST quantization method [5, 7] . The first step is to promote the gauge parameters to ghost fields: α a −→ c a , the FaddeevPopov ghost; α a µ −→ ψ a µ , the topological ghost and; λ a −→ φ a , the ghost of the ghost (or bosonic ghost). The corresponding BRST transformations can be defined as
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where s is the nilpotent BRST operator. The second step is to fix the gauge freedom with suitable gauge constraints: for the gauge field we employ the linear covariant gauge condition; for the field strength, a non-(anti-)self-dual gauge condition is chosen and; for the topological ghost we set the Landau gauge constraint; namely 2 , 2 It should be noted that α and β must be necessarily negative quantities. Otherwise, the Boltzmann factor would be with the wrong sign in the path integral.
To enforce such constraints, we introduce three BRST doublets: By integrating out the auxiliary field B a µν , a Yang-Mills term is produced. It is worth noting that this is not a genuine Yang-Mills term because it is multiplied by a gauge parameter and is originated from a BRST variation, i.e., it belongs to the trivial sector of the cohomology of s [5, 7] . The tree-level gauge propagator is easily computed,
which is a pure gauge propagator. This is consistent with the fact that topological gauge theories carry only global physical degrees of freedom. In fact, the unphysical nature of the gauge field as a local object is even more appealing at the (A)SDLG, where α = β = 0 and the gauge propagator (2.8) vanishes [6, 8] . This property, being a very peculiar result for this gauge choice, has a strong consequence: all connected n-point Green functions are tree-level exact [9] .
Renormalizability

Generalities
To study the renormalizability of the action (2.7), the first step is to introduce some external sources in order to control the non-linear nature of the BRST transformations and other possible non-linear symmetries. The required BRST doublets are [8] 
with the corresponding quantum numbers displayed in the Table 2 below. The external action accounting for all relevant non-linear operators is
Hence, the full action to be considered is The analysis of renormalizability of the action (3.3) can be performed within the algebraic renormalization framework [7] . Specifically, one adds to the classical action (3.3) a counterterm Σ c , Γ
where ǫ is a small parameter, given by the most general functional which is polynomial in the fields and their derivatives, sources and parameters of dimension 4 and vanishing ghost number. Hence, one imposes to Γ (1) all Ward identities obeyed by Σ. The action (3.3) is said to be renormalizable if the surviving counterterm can be absorbed by the classical action by means of multiplicative redefinition of the fields, sources and parameters as
where
The action (3.3) is not renormalizable in general. A long but straightforward computation leads to a counterterm that can not be absorbed by the classical action (3.3). For instance, a term of the form gf abc δΣ δφ a c b c c appears in Σ c . Nevertheless, there are three special cases of (3.3) in which all divergences can be absorbed: the case α = β = 0 which is the (A)SDLG; the case α = 0 and β = 0, called α-gauges and; the case α = 0 and β = 0, called β-gauges. Let us start our discussion with the special case of the (A)SDLG (α = β = 0), whose quantum properties were previously studied in [8, 9] .
(Anti-)self-dual Landau gauges
In the case of the (A)SDLG, the action (3.3) reduces to Σ (A)SDLG = Σ(α = β = 0). This is the most symmetric case due to the rich set of Ward identities displayed by this gauge, see [8, 9] . In particular, the symmetry (A.11) and the vector supersymmetry [6, 8] play a fundamental role. The renormalizability of this gauge was established in [6, 8] and the most general counterterm reads
where a is an independent renormalization coefficient. This counterterm can indeed be reabsorbed in the classical action Σ(α = β = 0) by means of multiplicative redefinition of the fields, sources and parameters according to (3.5) and (3.6). The resulting Z factors obey the following system of equations:
As observed in [8] , this system is self-consistent. However, it is clearly undetermined because there are fifteen equations and seventeen fields, sources and parameters. It means there are two free Z factors, characterizing an ambiguity in the renormalization of the theory. For instance, the system (3.8) in the way we have written it, can be completely fixed by suitably choosing Z g and Z c . We will return to this issue later in Section 4.
α-gauges
Now, let us consider the case where β = 0 while keeping α arbitrary in the action (3.3), the α-gauges. The full action is now
The proof of renormalizability is established in the Appendix A. It turns out that the most general counterterm is also given by (3.7). The α-gauges also show themselves to be stable by means of (3.8) supplemented by the renormalization factor of the gauge parameter α,
We gain one more equation for the system of equation determining the Z factors but we also gain an extra Z factor, Z α . Hence, the ambiguity remains.
β-gauges
The third case we study is characterized by setting α = 0 and maintaining an arbitrary β in the original action (3.3), the β-gauges. The full action is then
This action is also renormalizable, as discussed in Appendix B, and the most general counterterm assumes the form (B.26). An interesting feature to be observed at this point (which also occurs at the (A)SDLG and the α-gauges) is that the Faddeev-Popov term does not appear in the counterterm (B.26). This implies that Z g Z where we have renamed the renormalization constants as a = a 1 /2 andã/2 = a 4 . All relations between the Z factors can be straightforwardly found from (3.5), (3.6) and (3.12). The result preserves the system formed by (3.8) and (3.10) with the additional equation
Again, an extra equation is gained together with an extra Z factor, Z β . For this reason the ambiguity persists.
Discussing the Z factors
In the previous section, we have discussed the algebraic renormalization properties in three classes of gauges, namely, the (A)SDLG and the α-and β-gauges, respectively. In particular, the (A)SDLG can be obtained from the latter classes by continuous deformations, i.e., α → 0 or β → 0. In all cases the action is renormalizable to all orders in perturbation theory. However, the system of Z factors is, in all cases, undetermined. The number of equations n and the number of variables z (the Z factors) are related by z = n + 2 in all three cases. It seems that there is a kind of freedom in the choice of two of the Z factors. We will now discuss this ambiguity in more details.
Z factors in each gauge
Let us analyze the (A)SDLG first. As commented before, this gauge has two peculiar features [9] : 1) all n-point Green functions are tree-level exact and; 2) the gauge propagator vanishes to all orders in perturbation theory. This means that there are no radiative corrections to be implemented. In this case, it is evident that the ambiguity in the Z factors (3.8) is irrelevant: it does not matter how we choose the Z factors since there are no renormalizations to be made. Essentially, all divergent diagrams are canceled out by the vanishing of the gauge propagator [9] . In principle, we can choose Z g and Z c as we wish. For instance, we can take the simplest choice
leading to the fact that all Z factors are equal to 1 except for
This choice is particularly appealing because it implies that the β-function and the gauge propagator anomalous dimension vanish.
If we focus now on the α-gauges, we observe that the system of equations determining the Z factors are the same as the system of the (A)SDLG with the extra equation (3.10) determining Z α . It is easy to see that the proposal (4.1) is also consistent in this case, providing, again, (4.2) and Z α = 1. Thus, the vanishing of the β-function remains valid for the α-gauges.
Turning to the β-gauges, the system of equations (3.8) are enriched with an extra equation (3.13) determining Z β . Again, the choice (4.1) is consistent, leading to (4.2) and
It seems that the vanishing of the β-function and the behavior of the anomalous dimensions are the same in the analyzed gauges if we set (4.1).
Comparison with Yang-Mills theories
To understand more closely the origin of such ambiguities, we must observe that the set of symmetries in the gauges analyzed eliminates the kinetic term of the Faddeev-Popov ghost at the counterterms. Because of this, we get
From the gauge-ghost vertex (cAc), which is also absent in the counterterm 3 , and the relation (4.4), we achieve
The two relations (4.4) and (4.5) From theφAφ vertex we also obtain (4.5).
For any other interacting term including A, g also appears, making the combination gA or g 2 A 2 to be irrelevant due to (4.5). Moreover, the mixed propagators encoding A also do not give any extra information. The analysis for the source terms also does not help (these terms always include an extra variable for each new relation between Zs.). Ultimately, one can infer that (4.4) and (4.5) are the main basic relations that could solve the puzzle. Essentially, we need two extra informations about the Z-factors which are not encoded in the system (3.8). It is not difficult to conclude that the absence of a Yang-Mills term in the original action is the origin of the ambiguity of the Z A factor.
Another feature in the usual Yang-Mills theories (quantized in the Landau gauge) is that Z c = Zc which relies on the discrete symmetry
This condition, together with the Faddeev-Popov ghost kinetic term, are sufficient to determine Z c and Zc. It is easy to see that the action (3.3) does not obey such symmetry 4 , which explains the second ambiguity.
In essence we can infer that the difference between YM theories and TYM theories relies in their cohomology properties. The non-trivial character of YM cohomology enables extra equations to determine Z A and Z c . Moreover, a non-trivial cohomology implies on local physical degrees of freedom whose renormalization affect physical observables. Thus, a freedom in the choice of some renormalization factors could affect physical observables in catastrophic ways. On the other hand, the trivial nature of TYM cohomology is associated with the fact that all local degrees of freedom are non-physical (see (2.8) for instance -the gauge field propagator is totally gauge dependent) and such kind of freedom in how some objects renormalize can be interpreted as a reflex of the cohomology triviality.
3 In Yang-Mills theories quantized at the Landau gauge this property is known as the non-renormalization of the gluon-ghost vertex [10, 7] . The same result is obtained here for a more general class of gauges. 4 It is instructive to observe that discrete symmetries between the other ghosts of topological Yang-Mills theories (φ a andφ a and; ψ a µ andχ a µν ) are also not present in (3.3).
Gauge field propagators
The ambiguity can also be understood by looking at the gauge field propagators. For instance, at the (A)SDLG, the gauge field propagator vanishes to all orders in perturbation theory [9] . We immediately find that we have a liberty to choose any Z A we want: take A 
In the α-gauges we found that Z α = Z A , see (3.8) and (3.10). The expression of the tree-level gluon propagator at the α-gauges is easily computed,
Therefore, after the redefinitions of the fields and parameters and using (3.8) and (3.10), Z A is canceled at both sides of (4.9). Again, we conclude that we have the liberty to choose any renormalization factor for the gauge field.
The β-gauges is no different from the previous cases. From (3.8) and (3.13) one obtains
Now, the tree-level gluon propagator takes the form
Once again, after the renormalizations, the factor Z A is canceled at both sides of (4.11).
From the gauge field propagator, the freedom in the choice of Z A is clearly illustrated. As a consequence of the first equation in (3.8), i.e. Z A = Z −1 g , this freedom is transmitted to the renormalization of the coupling parameter.
Conclusions
We studied the renormalizability of topological Yang-Mills theories for generalized classes of gauges which encodes the (A)SDLG. Differently from the (A)SDLG, these classes have the particular property that the gauge field propagator is non-vanishing. These generalizations were performed by the introduction of two gauge parameters (α and β) which allowed us to write a general linear covariant gauge function for the gauge field and a non-(anti-)self-dual gauge condition for the field strength, as described in equations (2.5).
The first case, characterized by non-vanishing α and β -see (3.3) -, is not renormalizable since the counterterm carries some interactions which are not present in the classical action. However, the theory is renormalizable for the special cases where one of the gauge parameters vanishes (for β = 0, we defined the α-gauges and for α = 0 we worked within the β-gauges). We recall that the (A)SDLG is recovered for both gauge classes by setting α or β to zero. The proof of renormalizability was performed employing the algebraic renormalization techniques [7] , which is valid to all orders in perturbation theory.
In the case of the α-gauges we have found that the counterterm is the same as in the (A)SDLG which carries only one independent renormalization parameter. Thus, the renormalization factors are determined by the same set of self-consistent equations as the (A)SDLG, namely (3.8) supplemented with (3.10), which determines the renormalization of α.
For the β-gauges, an extra independent renormalization appears and the counterterm is a bit more general than the one for the α-gauges, see (3.12). It turns out that the renormalization factors system is also given by (3.8) , with the extra equation determining the renormalization of β given by (3.13 ).
An interesting feature of the (A)SDLG is that, due to the exact vanishing of the gauge propagator, radiative corrections are completely absent [9] . In the α-and β-gauges, however, this property might not be true since the gauge propagator does not vanish, see (2.8) . In fact, even if by some surprising result the gauge propagator is tree-level exact, it could contribute to loop diagrams and the tree-level exactness of the (A)SDLG would be lost in these generalized gauges.
Besides the renormalization proof of the generalized gauges, we found that, in all cases (including the (A)SDLG) the number of equations n determining the Z factors and the number of renormalization factors z always relate through n = z + 2. Hence, there is a kind of freedom in two Z factors. In the way we wrote equations (3.8), all Z factors are determined by the choice of Z g and Z c . An example of interesting solution is Z g = Z c = 1, leading to a vanishing β-function. In this case, the divergences are absorbed byχ, B and β.
In order to illustrate the freedom in the Z factors, we analyzed the gauge propagator in each case ((A)SDL, α-and, β-gauges). We have shown that the gauge propagator renormalization is independent from Z A , which means that the choice of the gauge field renormalization factor does not affect the quantum properties of the gauge propagator.
Finally, we have provided a possible interpretation of this renormalization freedom in terms of the BRST cohomology and by comparison with the usual Yang-Mills theories. Essentially, since the BRST of topological Yang-Mills theories define a trivial cohomology, there are no local physical degrees of freedom, as should be expected from a topological field theory. Thus, the way we choose to renormalize these degrees of freedom seems to be irrelevant for the global degrees of freedom. Moreover, by comparison with ordinary Yang-Mills theories, the absence of a Yang-Mills term in the non-trivial sector of the cohomology and, the absence of kinetic terms for the ghosts in the counterterms we found, appear to rely on the origin of the renormalization freedom of the theory.
financial support.
A Renormalizability proof of the α-gauges
The aim of this first appendix is to prove the renormalizability of the action (3.9), i.e. the renormalizability of the topological Yang-Mills theories at the α-gauges. With this purpose, we will employ the algebraic renormalization technique [7] .
The action (3.9) displays a few Ward identities:
• Slavnov-Taylor identity due the BRST invariance: • First non-linear bosonic symmetry: • Second non-linear bosonic symmetry: As discussed in Section 3.4, the analysis of the quantum stability of the β-gauges via (3.5) and (3.6) leads to the relation a 2 = a 1 /2. This simplification reduces (B.26) to (3.12). The solution for the Z factors are given by (3.8) and (3.13) and the proof of renormalizability of topological Yang-Mills quantized at the β-gauges is complete.
